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Controllability Issues in Nonlinear State-Dependent
Riccati Equation Control

Kelly D. Hammett,* Christopher D. Hall," and D. Brett Ridgely*
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio 45433-7765

In the last few years, algorithms using state-dependent Riccati equations (SDREs) have been proposed for solving
nonlinear control problems. Under state feedback, pointwise solutions of an SDRE must be obtained along the
system trajectory. To ensure the control is well defined, global controllability and observability of state-dependent
system factorizations are commonly assumed. Here connections between controllability of the state-dependent
factorizations and true system controllability are rigorously established. It is shown that a local equivalence always
holds for the class of systems considered, and special cases thatimply globalequivalence are also given. Additionally,
a notion of nonlinear stabilizability is introduced, which is a necessary condition for global closed-loop stability.
The theory is illustrated by application to a five-state nonlinear model of a dual-spin spacecraft.

I. Introduction

INCE the early 1960s, a number of researchers have proposed

nonlinear control algorithms that involve application of linear
design methods to linearlike factored representations of a nonlin-
ear system.1‘7 For continuous time, state feedback, input-affine,
autonomous nonlinear dynamic systems

x =a(x) + b(x)u,

h(x)

Rxu |’
with state vectorx € R", control vectoru € R”™, penalized variable
z € R’, and nonsingular (for all x) control penalty matrix func-

tion R(x), it is assumed that one can obtain linear-looking factored
representationsof the form

a(x) = A(x)x, b(x) = B(x),

a(0) =0
o))

h(0)=0

hix)=H@x)x Q)
This concept has alternatively been called apparent linearization
extendedlinearization’ ormostrecentlystate-dependentcoefficient
factorizatior® of Eq. (1).

The earliest known proposal for using state feedback Riccati-
based linear controlmethods on nonlinearsystemsappearsin Ref. 1,
motivated by finite time suboptimalregulation.In Ref. 1, the steady-
state stabilizing solution to a state- and time-dependent Riccati
differential equation is obtained analytically for low-order exam-
ple systems to provide a basis for a suboptimal control algorithm.
Global asymptotic stability for each example is proven, and subop-
timal controller performance is shown to compare quite favorably
with that of the corresponding optimal controllers. Variations on
this approach are proposed in Refs. 2 and 3, which also involve
solving an algebraic state-dependent Riccati equation (SDRE) for
any location traversed in the state space. In Ref. 4, the same basic
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idea is revisited, and conditions relating the suboptimal solution to
the optimal solution are derived. In both Refs. 3 and 4, the state and
control weights R and H are assumed to be constant matrices, SO
that the regulation problem is indeed quadratic, whereas in Refs. 1
and 2, R and H are arbitrary time-varying matrices.

More recently, in Ref. 5 application of any linear control algo-
rithm to Eq. (2) is suggested, but no theoretical justification for
such an approachis given. In Ref. 6 both state and output feedback
SDRE approachesto regulationand nonlinear H,, control problems
are proposed, where weighting matrices are not restricted to be con-
stants or functions of time but may instead be functions of x. Local
stability is proven for suboptimal state feedback versions of the ap-
proach, and an additional necessary condition that must be satisfied
for optimality of the state feedback regulator is given. In Ref. 7 a
Lyapunov function is proposed for establishing global stability of
the suboptimal SDRE state feedback regulator, based on arestricted
class of weighting matrix functions.

Although some progresshas been made in theoreticallyjustifying
suchlinearizedmethods, muchremainsto be done. We developsome
of the needed theory, by examining controllabilityissues in the con-
text of the state feedback regulator problem. We derive conditions
under which global factored and true nonlinear controllability hold
and show how each type of controllability is separately important
to successful application of the SDRE approach. These issues have
notbeen addressedin the literature and have significant implications
for both factorization selection and global stability of SDRE-based
control algorithms.

The outline of the paper is as follows. In Sec. II we briefly re-
view the SDRE nonlinear regulation control algorithm. We then
establish connections between factored and true nonlinear control-
lability in Sec. III. In Sec. IV we formalize our results and illustrate
the given theorems with simple examples. We then demonstrate the
significance of our results by analyzing the impact of both types of
controllability issues on SDRE nonlinearregulation of a more real-
isticdynamic model in Sec. V. Finally, we summarize and conclude
in Sec. VI.

II. Control Algorithm

We assume that @ and k in Eq. (1) are real-valued C! functions
of x on R". Under this assumption system (1) can be written®
(nonuniquely) in the so-called state-dependent coefficient (SDC)
form (2), where A and H are chosen to be (at least) continuous. The
control algorithm may is as follows. Consider any initial condition
x, € R". The objective is near-optimal regulation, i.e., drive the
state to zero while simultaneously keeping the cost function

J=/ szdt=/ xT0@x +u" Rx)udr 3)
0 0
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close to its optimal value, where we have defined R(x) = RT(x)
R(x) > 0and Q(x) = HT (x)H(x) > 0V x. This may be accom-
plished locally®” setting

u(x) = —R™'(@)B" (x) P (x)x “)

where P(x) is the maximal, stabilizing solution to the algebraic
continuous time SDRE

AT x)P(x)+ P(x)A(x) — P(x) B@)R '(x) BT (x) P (x)
+0® =0 5)

Now, to ensure the desired solution of Eq. (5) exists for all x, one
may assume the pairs {A(x), B(x)} and {H (x), A(x)} are control-
lable and observable, respectively, for all x, where we employ the
common definitions of controllability and observability from lin-
ear systems theory.’ Of course, less restrictive assumptions such
as stabilizability and detectability would also be sufficient. How-
ever, because stabilizability is defined based on controllability, we
study the relationship between the factored controllability assumed
to guarantee existence of solutions of Eq. (5) and the true nonlinear
controllability of system (1).

III. Factored vs True Controllability

In previous studies of controllability, e.g., Ref. 10, researchers
have establishedconnectionsbetween factored and true system con-
trollabilityin only the linear time-invariant(LTI) case, and it appears
any other possible connections between the two have been left un-
developed. In this section we review the known results linking the
two types of controllability and then proceed to develop additional
cases in which the two are linked.

Comparison of factored vs true nonlinear controllability is fa-
cilitated by considering controllability in terms of the dimension of
invariantlocally reachable and unreachablespaces. For controllable
systems, the dimension of the locally reachable space must equal
the dimension of the state space. Thus, for LTI systems, controlla-
bility is established'! by verifyingthat the rank of the controllability
matrix M,; equalsn, where M, = [B AB A’B ... A"~!B].For
the SDC factored system (2), this test generalizes to a rank test on
the factored controllability matrix function

rank [M.;(x)]
=rank[B(x) A(x)B(x) AZ(x)B(x) A" (x)B(x)]
=nVx 6)

whereas for the original system, local controllability is character-
ized!" at each x in terms of the dimension of the span of the small-
est nonsingular and involutive distribution A.(x) containing the
columns b; of B(x), 1 < i < m, and invariant under a and the
b;. This distributionassigns to eachx € R" a vector space, an open
subsetof which is reachablefrom the given pointby using piecewise
constant inputs. Thus, a sufficient condition'® for system (1) to be
locally controllable at the point x is

rank[A.(x)] =n 7

and the system is said to be weakly controllable (on S) if Eq. (7)
holds for all x (€ S). The following recursive algorithm for gener-
ating A, is givenin Ref. 10.

1) Let Ay = span(B) = span(b;).

2)Let Ay = Ag+[a, b1+ 1[b;,b], 1 <i<m, 1 <j<m,
where [a, g] is the Lie bracketofa and g, i.e., [a, g] = (dg/9x)a —
(da/dx)g, and the + indicates the sum of the spans.

LletAy =Av_y+a, dj]+[b,d;], 1 <i<m, 1<j<n,
where {d;} is a basis for A, _;.

4) Terminate when A, | = A,.

For LTI systems, the listed procedure gives A, = M, (Ref. 10).
Also, A, _, always equals A, on an open and dense subset of R”",
and if each A, is nonsingular,then A, _; = A, for all x.

If a system fails the appropriate controllability rank test, then the
uncontrollablesubspace may be determined'® by finding the annihi-
lator of the appropriate matrix, i.e., the left nullspace of M., M.s,
or A,. Also, the controllableand uncontrollablesubspaces as deter-
mined from M, and A, are guaranteed to be invariant subspaces,

whereas the respective subspaces determined from M., hold only
for the single x value being considered. Thus, invariance of these
pointwise sets is not ensured.

The described conceptsallow controllable/uncontrollablesystem
decompositions !%!! Thus, for an LTI system with controllable sub-
space of dimension d, we may write

X, = A x, + Apx, + Bu, X, = Apx, ®)

where x; € R? is in the controllable subspace C;, x, € R" ¢ is
in the uncontrollable subspace I/, and {A,;, B} is a controllable
pair. For the nonlinear system (1) with controllable subspace of
dimension d, we similarly may write

X, =a;(x;,x) + b (x;,x)u 9
X; = a,(x;) (10)

where x; € R? is in the controllable subspace C,;, x, € R" =% isin
the uncontrollablesubspacel{,;, and Eq. (9) satisfiesrank [A,] = d.
Finally, Egs. (8-10) allow us to discuss the notion of stabilizability.
Conceptually, a system is stabilizable if its uncontrollable part is
stable. For LTI systems, stabilizabilityis equivalentto A,; in Eq. (8)
being a Hurwitz matrix, whereas nonlinear stabilizability requires
that the unaffectable subsystem (10) be stable. Clearly, if a system
may be written as Egs. (9) and (10), for it to be drivable to the origin,
this latter nonlinear stabilizability condition must hold, regardless
of the factored controllability properties of the system.

IV. Theorems and Examples

With some minor extensions, the discussion of Sec. III allows us
to give some basic theorems, the first of whichis the lack of a general
equivalencybetween factored and true nonlinear controllability.For
purposes of space, proofs are sketched, and the reader is referred to
Ref. 12 for details.

Theorem 1: Consider system (1) with a(x) and k(x) assumed to
be C! functions,so that Eq. (1) may be written as in Eq. (2). Assume
the pair {A(x), B(x)} is controllable for all x, so that Eq. (6) holds.
Then system (1) is not necessarily weakly controllable (on R").

Proof: The proofis by counterexample. Consider the system

X| = XXy + Xo, X, =u (11

With A (x) chosen to be

A no (12)
(x) 0 0
Itis easily verified that M, is globally full rank, but A, as defined
in Sec. IIT is such that at x; = —1, rank[A.] = 1, so that Eq. (7)
fails to hold. O
The proof of theorem 1 shows that it is possible for a state-
dependent factorization to hide the existence of an uncontrollable,
invariant set [the set of all x € R? such thatx; = —1 for Eq. (11)].
Itis interestingto note that this factis not mentionedin Ref. 6, nor, it
appears, has it historically been well known when SDRE type meth-
ods were previously suggested. In fact, in Ref. 3 the factorization
(12) is recommended as a better factorization for Eq. (11) than the
choice

(13)

A(x) = |:0 i + 1i|

0 0

because Eq. (12) allows solution for the control at all x, whereas
Eq. (13) does not. Thus, the lack of true controllabilityof this system
was not recognized by the authors of Ref. 3. By defining J as the
Jacobian of a, i.e., J(x) = da/dx, the following theorem may be
proven.

Theorem2: Considersystem (1) writtenas Eq. (2) withn = 2, and
let B be a constantmatrix. Also, assume that A (x) is chosensuch that
J(x)B = kA(x)B ¥V x, where 0 # k € R. Then, if the factorization
(2) is controllable for all x, system (1) is weakly controllable on
an open and dense subset of R?. Conversely, if Eq. (1) is weakly
controllable on R?, then Eq. (2) is controllable for all x.

Proof: The proof follows by checking the rank of M., and A,
under the assumptions. O
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We now give some corollaries to theorem 2, which are easily
proven and useful when considering factorization choices.

Corollary1: TheassumptionT, (x)xB = (J—A)B = (k—1)AB,
k # 0, is equivalent to the assumption J (x) B = kA(x)B, k # 0,
where T, (x) = (0A/0dx).

Corollary 2: T,(x)xB # —AB for all x is necessary for the
assumptions of theorem 2 to hold.

Corollary 3: If B is not rank n, then AB = 0 iff JB = 0Ois a
necessary condition for the contrapositive of theorem 2 to hold.

We note that the conditions of the theorem 2 are sufficient, but not
necessary. It is possible for both M., and A, to be full rank without
AB being in the range of JB alone, as long as both AB and JB
provide the remainder of a spanning set of R? not provided by B.
In theorem 2 we restrict attention to second-order systems because
for higher-order systems, more iterationson A and, thus, more Lie
bracket calculations will generally be required. The divergence be-
tween succeeding entries in M., and A. increases as n increases,
making useful comparisons between the two more difficult. How-
ever, that T, (x)x + A(x) = J(x) allows us to draw the following
conclusionregarding factored and local nonlinearcontrollability for
any n.

Theorem 3: Consider system (1) written as Eq. (2), and assume
Eq. (6) holds. Then system (1) is weakly controllable on some local
neighborhoodof the origin.

Proof: The conclusion follows because J(0) = A(0) implies
M.;(0) = M, where M,; is in terms of the system linearization,
and the assumptions guarantee M., (0) is full rank. O

The set where system (1) is weakly controllableis, thus, the set on
which its linearization dominates, which may be arbitrarily small,
as illustrated later.

The preceding three theorems dealt with an equivalencerelation-
ship between M, and A, involving assumptionson A(x) or on the
dimension of the state. The following (trivial) theorem gives one
case in which such assumptions are unnecessary.

Theorem 4: Consider system (1) written as Eq. (2) and letm > n.
Assume B(x) has rank n for all x. Then Eq. (2) is controllable for
all x, and system (1) is weakly controllable on R".

Proof: The proof follows trivially from constructing M., and A,
noting B(x) satisfies by itself the rank requirement. O

The importance of theorem 4 is that pointwise controllability
issues are not a driving force in factorization choices for a when B
is globally rank n, as they definitely are when this is not the case.
We now illustrate the theorems with some examples.

Example 1: Consider the system
Xo = X1X2 +u (14)

X1 = X,

We havea = [x, x,x,]7, b = [0 1]”, and because m < n, theo-
rem 4 may not be used. However, we have

[0 1} [0 1}
J = , A=A = (15)
Xy X

so that A, has rank 2 for all x. Now, choose
0 1 1

Alx) = = A(x)B = =JBVx (16)
0 x X

so that the conditions of theorem 2 are satisfied. Checking the fac-
tored controllability matrix we find

0
Mcf(x) = |:1

1

i| =A.(x)Vx 17)
X1
and we see that the system is weakly controllable on R?, whereas
the factored system is controllable for all x € R? as well. On the
other hand, if we choose

X, 1 —x
A(x) = (18)
0 X
then the factored controllability matrix function
0 1—x
M) = [ } (19)
1 X

clearly loses rank at x; = 1. Given the preceding analysis, the first
choice of A(x) for this example is preferable because it guarantees
global existence of the control. Thus, even when the original system
is weakly controllable, care must be taken when choosing the fac-
torization, as both poor and good choices from an implementation
standpoint may exist.

In the next example we illustrate the nonnecessity of the AB =
kJ B condition as discussed earlier.

Example 2: Consider the system
Yo=x14+xI+u (20)

X1 = X,

Theorem 4 may not be invoked, but simple computations give
0

=% ! A=A, = ! 1)
T2k 2%, T 2k,

so that A, has rank 2 for all x. Now, choose

Alx) = |:0 1i| = A(x)B = |: ! i| 22)
X1 X2 X2

so that AB does not equal a multiple of JB for any x. However,
checking the factored controllability matrix we find

0 1
M, (x) = [ } (23)

1 x

which is full rank for all x, so that global weak and factored con-
trollability both hold. Thus, even though theorem 2 does not apply,
[1 2x,]" and[1 x,]7 both providevector functions, which, together
withh = [0 1]7, span R? for all values of x.

Finally, we return to the counterexamplein the proof of theorem1,
and see how corollary 2 comes into play.

Example 3: Consider the system
X = XX + Xy, Xo=u (24)

We haverank (B) = 1V x, and again theorem4 may not be invoked.

We find
X, x;+1 0 x+1
J=00 T, A= 1 (25)
0 0 1 0
so that A. has rank 1 at x; = —1 as we saw before. Now, also as
before, choose
aw =" s aws=|" (26)
V=10 o V2= 1o
which gives the globally full rank factored controllability matrix
function
M. (x) 01 27
=1 0
However, we see that kJ B does not equal AB forx = —1 for any
k # 0. Also, TyxB = (J — A)B = —AB when x; = —1, and

we have AB # 0 when JB = 0, both of which we noted were
necessary conditions for equivalency of the controllability tests if
B were not rank n. Thus, the factored system is controllable for
all x € R?, whereas the original system is not weakly controllable
on x; = —1. Finally, this example illustrates the potential weak-
ness of theorem 3. Clearly, the controllability equivalence based on
linearization does not hold in this example beyond a ball of radius
one centered at the origin. By replacing the first element of a with
X1Xy + kx,, with k € R, and decreasing the absolute value of &,
we can construct an example for which the conclusionof theorem 3
holds on an arbitrarily small neighborhood of the origin. Thus, the
study of global as opposed to local controllability equivalence is
indeed well motivated.

To this point we have shown that both factored and true non-
linear controllability are separately important to the success of the
SDRE approach. Factored controllability is important from a com-
putational standpoint, whereas true controllability has ramifications
for stability. Although we have shown these concepts are basically
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different, we have established some conditions, particularly for low-
order systems, when they simultaneously hold, and additionally
have established implications from one form of controllability to
the other. We now extend our study of these relationshipsby consid-
ering controllabilityissues in a nontrivial design example, showing
how the desired properties may be established.

V. Design Problem

The chosen problem involves angular momentum control of an
axial dual-spin spacecraft and exhibits highly nonlinear dynamics
and limited controllability. Thus, it well serves to illustrate the the-
ory. In the sequel we first describe the design problem and then
give the equations of motion and design objectives. Following this
we present a brief controllability analysis of the open-loop system,
from both the factored and true nonlinear perspectives. Simulation
results demonstrate successful application of the method.

A. Problem Description

A dual-spin satellite consists of two bodies capable of relative ro-
tation, with one body spinning relatively fast (the rotor) to provide
stabilizationand one body (the platform) spinning relatively slowly
to perform mission requirements, i.e., to remain Earth pointing.!
Typical deployment scenarios result in both bodies initially spin-
ning at nearly the same rate about a single axis (the so-called all-
spun condition), so that some type of spin-up maneuver is required
to despin the platform. Spin-up maneuvers have been investigated
by numerous researchers as described in Refs. 14 and 15. Typical
maneuvers employ a small, constant internal torque applied to the
rotor. In this paper we apply the SDRE nonlinear regulation tech-
nique to the so-called transverse spin-up maneuver. This maneuver,
also known as the dual-spin turn, has initial conditions such that
the spacecraft spins about a principal axis nearly perpendicular to
the rotor spin axis and a desired final condition such that all the
spacecraft’s angular momentum is contained in the rotor.

The model used in Refs. 13 and 14 is an axial gyrostat, com-
prising a rigid asymmetric platform and a rigid axisymmetric rotor
constrained to relative rotation about its symmetry axis. The rota-
tional dynamics equations for this model may be written in terms of
four states: the three components of the system angular momentum
and the axial component of the rotor angular momentum. Simple
analysisof the equations of motionreveals that the numerical SDRE
regulation approach may not be used to stabilize this system. This
is because the (unique) system linearization about the desired equi-
librium point is not stabilizable in the linear sense and, therefore,
stabilizing solutions to the SDRE do not exist near the origin.

Remark: These results point out a limitation of numerical SDRE
methods: For systems with linearly uncontrollableimaginary open-
loop eigenvaluesin their linearizations,it may be possible to nonlin-
early stabilize the corresponding modes (as controllability analysis
of the single-rotor gyrostat would indicate). The numerical SDRE
regulator, however, reverts to standard linear quadratic regulation
near the origin, and so will not, in general, be stabilizing for such
systems.

In light of the preceding discussion we investigate a two-rotor
gyrostat model where the second (uncontrolled) rotor is subject
to an internal viscous damping torque. As shown in the sequel,
the addition of this second rotor results in a stabilizable system
linearization at the origin.

B. Equations of Motion

A general version of the two-rotor gyrostat model used here is
developed in detail in Ref. 15. Referring to Fig. 1, we define the
vectorx € R? as the gyrostat angular momentum vector expressed
in the body-fixed principal reference frame (e,, e,, e3), noting that
ey is the axis about which the platformand controlledrotor may have
relative rotation (the spin axis). We neglect external torques so that
|lx]| is constant, assumed nonzero, and scaled so that ||x| = 1. We
define the scalar u to be the controlledrotor axial angularmomentum
(aboutthe e, axis) and the controlinput u to be the associatedapplied
rotor torque. For the specific choice of the off-axis rotor spin axis
being in the e, direction, we let the associated rotor axial angular
momentum be p£,. We also define dimensionlessinertia parameters

35

Fig.1 Gyrostat model of two-
rotor spacecraft.

ijviai; =1-1,/1;,j =1,2,3, where I, = I, — I, where I,
is the axial moment of inertia of the controlled rotor and /; are the
principalmoments of inertia of the gyrostat. Using these definitions,
the equations of motion may be written

X1 = (i3 — i3)X2X3 + aady X3, Xy = (i3x) — 1)x;
X3 = —(iaX) — U)Xy — CpfhyX) (28)
g = exxy — dapiy, n=u
where
a, =1/1, e = wly,, d,=1+e, (29)

and /,, is the off-axis rotor principal moment of inertia with respect
to the e, axis.

Note that i; does not appear in the system equations but does
impact the system via initial conditions. In the all-spun condition,
this is evident because the initial condition for u is u = i;x;. The
relationship between the other two inertia parameters determines
whether the spacecraft is oblate or prolate.'* Finally, the cone or
nutation angle 1 (the angle between the e, axis and x) is defined via
1) = arccosx.

The design goal of performing transverse spin-up maneuvers may
be related to the state variables in Eq. (28) in the following way. In
the transverse spin-up maneuver, we start with x; ~ Qand u = i;x,
and we desire to drive the state to (x;, ) = (1, 1), noting that if
we achieve this objective, then x, = x3 = 0. The control problem,
as posed, is actually a constrained nonzero setpoint problem. We,
therefore, transformthe probleminto a form more suitable for SDRE
regulation. In the next section we show how factorization control-
lability considerations motivate removal of the x; state equation,
which we do to obtain an unconstrained problem. We address the
nonzero setpoint problem of driving p to 1 by the change of coor-
dinates v = p — 1. This part of the control problem then reduces
to regulation of v, which fits readily into the SDRE framework. Fi-
nally, by recognizing |lx|| = 1 always holds, we attempt only the
regulationof (x,, x3) to (0, 0), using the constraintto make |x;| = 1.
That x; remains free to take on either of the values +1 or —1 is a
disadvantage of this approach. Simulation results verify success of
the method, however, in that if we start with x; small but positive,
we drive x| to +1 as desired.

C. Open-Loop/Controllability Analysis

Before developing the control design, we study the open-loop
model (28) and its relevant controllability properties. Performing
on Eq. (28) the iterative procedure for determining the control Lie
algebra described in Sec. III, one can identify the uncontrollable
coordinate ¢ (x) in the state space

¢ =c(x}+x3+x2) (30)

where c is an arbitrary constant. This uncontrollablecoordinate cor-
responds to conservation of angular momentum, so that x trajecto-
ries remain on the unit momentum sphere centered at (x;, x,, x3) =
(0, 0, 0). This uncontrollable coordinate, by itself, does not prevent
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us from reaching the desired equilibrium state because it lies on the
sphere and, thus, does not imply that the system is not nonlinearly
stabilizable. However, when x, = x; = 0, the uncontrollable space
hasdimensionfourand, in fact, consistsof the (x|, x,, x5, ;) space.
This means that the equilibrium surfaces (£1, 0, 0, 0, ©) have un-
changing x components, regardless of how we select the control.
The implicationis that, if we seek to drive the systemto x; = 1, we
should avoid trajectories passing near the equilibrium at x; = —1,
and vice versa. Complete analysis of the control Lie algebra!? re-
veals no other invariant, uncontrollable manifolds with which we
need to be concerned.

Because we have identified one globally uncontrollable coordi-
nate, we seek to eliminate it and proceed with control design on the
reducedsystem. To this end we define the coordinatetransformation
q\ = X3, g2 = X2, and g3 = ¢, with ¢ defined as in Eq. (30) with
¢ = (.5, and eliminate x; as an independent variable by writing

x(@)=%y1-q; —q; (31)

Because the Jacobian of this mapping is

J=10 1 0 (32)

X1 X2 X3

we see by the inverse function theorem that the mapping is not
one-to-one in a neighborhood of x; = 0. Thus, we need to know
which hemisphere of the momentum sphere we are in to complete
the mapping, so as to choose the appropriate sign in Eq. (31). With
this coordinate change, the equations of motion become
G = (1 — i2X1)qy — caX1[da, gs = (i3x) — )G

(33)

2 = exqs — dafir, n=u

where x, is defined as in Eq. (31), and we have eliminated the trivial
state equation g; = 0. The nonlinear controllability procedure for
this system indicates lack of controllability of the x states only at
the desired equilibrium (¢, ¢,, 1;) = (0, 0, 0), provided x remains
in the positive momentum sphere (x; > 0). Recall, however, that
we actually need to shift the state to make the desired closed-loop
equilibrium point the origin, as discussed in Sec. V.B. To do so we
define

v=p—1 (34)
leading to the system equations

g1 = —iX)q, + g2 — arX 1 [hs, G2 = (izx; —v)q; — q

(35)
o = eyqr — dylus, V=u
For Eq. (35) we find the Jacobian at zero to be
0 1-— iz —Q 0
iz —1 0 0 0
JO)=]" 36
(0) 0 e 4 0 (36)
0 0 0 0

so that stabilizability of the linearizationrequires that the eigenval-
ues of the upper left 3 x 3 subblock of Eq. (36) have negative real
parts. We have nondimensionalizedthe spacecraft moments of iner-
tiaby assuming /, = 1. This gives the simple equalities 1 —i, = a,
and i; — 1 = —1/I; = —as, so that the characteristic equation of
this subblock is

)\.3 + dz)\.z + (¥2(¥3)\. + o0z = 0 (37)

Using Routh’s criterion'® it is easy to show that the linearization of
Eq. (35) is stabilizable. Linearized detectability is also guaranteed,

provided v has an independent, globally positive definite penalty,
i.e., H is of the form

0
L. 0
H=| 0 (33)
0 0 0 px

where p(x) is a positive definite function.

The preceding discussion shows that adding the off-axis damping
rotor guarantees stabilizability and detectability in a neighborhood
of the origin, for any parameterization A and for a suitable parame-
terization H. We are interested, however, in performing transverse
spin-upmaneuversthat start far away from the origin. We, thus, pro-
pose a factorization A that guarantees pointwise stabilizability and
detectabilityeverywherein the positivemomentum sphere (x; > 0).
Because v is completely controllable, heuristically we want the fac-
torization to show strong pointwise linear controllability of ¢; and
g, through v. We, therefore, choose

0 1 —ix;, —oXx; @
i3x1 —1 0 0 —q
A =
@) ) o 4 o (39)
0 0 0 0

This factorization has the factored controllability matrix function

0 ¢ —&q1 §&q + merxiq

0 — —
M, () = q1 §192 §15q (40)
0 0 -—-eqi eliq+dq)
1 0 0 0
where
£ =i3x; — 1, & =1—ix 41)

The matrix function (40) has determinantdet[M.;] = —e;[£2g; +
dE1q3q1 — E16:2¢2q7 + (e200x1 — drE>)q7 ] and obviouslyloses rank
for nontrivial values of ¢, and ¢,, so that Eq. (39) does not yield
a globally controllable parameterization. However, Eq. (39) does
yield guaranteed stabilizability for x; > 0, as can be shown using
Routh’s criterion and some simple analysis. For stabilizability of
{A, B}, recall that we must have y” B # 0 for all A and y such that
yTA = yTx and ReA > 0 (Ref. 9). The characteristic equation of
Eq. (39) is

AR+ dd® — 18 + £185) =0 (42)

where & and &, are as in Eq. (41) and & = aye,x) — &d,. We, thus,
have a single-zero eigenvalue, plus three more eigenvalues deter-
mined by the roots of the term in parenthesesin Eq. (42). For the zero
eigenvalue, the corresponding left eigenvectoris y” = [0 0 0 1].
Because y” B = 1 # 0, this zero eigenvalue is stabilizable. We now
show that the remaining three eigenvalues have negative real parts
under some slight additional assumptions. Recall that a necessary
condition for only left half-plane roots of a polynomial is that all
of the coefficients have the same sign.”’ By definition, d, > 0, and
because x; < 1 and i, and i3 < 1, we also have from Eq. (41) that
& < 0and§, > 0,sothat —&,& > 0. The final necessarycondition,
thus, becomes &; < 0. To complete the analysis, we assume without
loss of generality a prolate spacecraft,!” for which i, > i3 > 0.
From Eq. (41) we see that, for x; > 0, we have

& <aer+ (ip — DNdy=mer —ardh =az(ey —dy) = —a < 0

(43)

Thus, & < 0, and we satisfy the necessary condition for left half-
plane eigenvalues regardless of the values of o, and I;,. However,
we still need to verify a sufficient condition for stability of these
eigenvalues. Routhian analysis leads to the additional condition

—&(d5 +5)>0 (44)
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Because & < 0, using the definition of & we find that Eq. (44)
becomes

& + ayxie; — Edy = ayx1e, > 0 (45)

which holds as long as x; > 0, as assumed throughout. Thus,
Eq. (39) gives a pointwise stabilizable parameterization, as long
as trajectories remain in the positive (x;) momentum sphere.

Remark: The existence of this stabilizable parameterization is
interesting,inasmuch as a manifold of open-loop equilibrium points
with unstabilizable local linearizations is known to exist'® in the
positive hemisphere for the prolate case. If a trajectory were to pass
through this manifold, then a control algorithm based on Riccati
equations and local linearizations such as linear matrix inequality-
based techniques would fail to yield computable controllers at such
points, whereas the SDRE control is still well defined.

Note that Eq. (39) corresponds to the choices of ¢, = ¢; = 0in
the general factorization

0 1—i2X1+C1U —0 X (I—Cl)qz
i3x; — 1 —cov 0 0 —(1 = c)qu
A =
(x) 0 (5] —dz 0
0 0 0 0
(46)
and observe that, if we pick ¢; = ¢, = 1, then the ¢ dynamics

appear to be pointwise unaffectable from v for all x. In this case the
uncontrollable space is all of the (g, 2, 12) space, as opposed to
the much smaller uncontrollable space of Eq. (39). Stabilizability
of the factorization (46) with ¢, = ¢, = 1, thus, requires that all
three nonzero eigenvalues of Eq. (46) be stable, which was suffi-
cient but not necessary for stabilizability of Eq. (39). Computing
the characteristic equation of Eq. (46) (with ¢, = ¢, = 1) we find

A +dra + (v —E)E +v)n

+E — ey —dE+ )} =0 (47)

and we see that Eq. (47) differs from Eq. (42) only in the first- and
zeroth-ordercoefficients of A. This differenceis significant because,
as we near the desired value x; = 1, there exist achievable values
of v that render the first-order coefficient negative. For example,
let i, = 0.5 and i3 = 0.3. Then the first-order coefficient becomes
(v +0.7)(v + 0.5), so that for all values of v € (—0.5, —0.7), the
coefficientis negative, and the factorizationis not stabilizable. This
issue is not just of theoretical importance, for simulated attempts
at SDRE nonlinear regulation of the gyrostat using Eq. (46) with
¢y = ¢; = 1 became numerically unstable when the factorization
became unstabilizable. We mention this particular case because it
correspondsto anatural SDC parameterizationthat arises from con-
sidering the gyrostat as a Hamiltonian system.!® In this framework,
the nonreduced state equations can be written x = —VH*x, where
V is the gradient operator, H is an appropriate Hamiltonian, and
the (-)* notation represents the skew symmetric matrix form of a
vector.!* Thus, selection of an appropriate SDC factorizationcan be
nontrivial, and pointwise controllabilityissues should play a strong
role in the process.

Finally, we need to consider detectability issues to ensure well
posedness of the control. It has been shown in Ref. 12 that for H of
the form

H = diag(k,, ky, ks, k) (48)

with k; € R and k4 # 0, detectability is guaranteed with A chosen
accordingto Eq. (39), provided x; > 0. We investigate the effect of
using two choices for H in the next section.

D. SDRE Nonlinear Regulator Simulation Results

In this section we give typical simulation results for the trans-
verse spin-up maneuver using a sampled data implementation of
the SDRE nonlinear regulator (which computes the SDRE solu-
tion at time f; and applies the resulting constant control until the
next sampling time # ; ;). For comparison purposes we also simu-
late the same maneuver using a small, constant torque. All simu-
lations were performed in MATLAB/Simulink using Runge-Kutta,

fourth-order integration. The sampling rate was 10 Hz, arbitrarily
chosen to be implementable and to yield smooth-looking trajecto-
ries, and the integration step size was 0.01 s. In all simulations, we
set R = 1. We give results for the five-state gyrostat model with
damping. We choose a prolate spacecraft configuration, with inertia
parameters i; = 0.5, i3 = 0.3, and i; = 0.2. The initial condition
is (X3, Xa, i, V) = [sin(75deg), 0, 0, 0.2 cos(75 deg) — 1], corre-
sponding to the all-spun condition with a cone angle of 75 deg. We
show state history results using

H = H, = diag(0,0,0,0.1) and H = H, = diag(1, 1, 1,0.1)

in Figs. 2 and 3, respectively. The penalty value of 0.1 on v was
selected to keep the control magnitude near 0.1, a reasonable value
for spin-up maneuvers.!’

We observe that for H = H|, v is driven to zero fairly quickly,
but the x, and x; states have large initial oscillations, whereas for
H = H,, the initial oscillations of x, and x; are comparatively
smaller and slower than for H = H,;. At the simulation end time,
the x; oscillationsare comparatively larger for H = H,, and v takes
much longerto go to zero for the H = H, case. These behaviorsare
intuitivelysatisfyingin that they reflect the appropriateemphasis on
controlling either v only (H = H,) or a weighted combination of
all of the states (H = H,). Although it is not apparent from Fig. 3
that v actually does go to zero in the H = H, case, it is shown
in Ref. 12 that it does. By leaving k4 = 0.1 and decreasing the
weights on the other states, it is possible to trade off performance
in terms of obtaining quicker regulation of v at the cost of larger
initial deviations in x, and x3. For comparison purposes we show
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Fig.2 Transverse SDRE state histories for five-state gyrostat, H = H;.
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Fig.3 Transverse SDRE state histories for five-state gyrostat, H = H,.



HAMMETT, HALL, AND RIDGELY 773

50 100 150 200 250
Time (s)

Fig.4 Transverse state histories for five-state gyrostat,u = 0.01.
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Fig.5 Transverse control histories for five-state gyrostat.

state histories for the # = 0.01 constant torque case in Fig. 4. Note
that the large initial oscillations in the x, and x; states continue to
occurlongerin the constanttorque case, and their decay rates appear
slower than in either of the SDRE cases. The initial decay of v in
the constanttorque case is also slower than in both SDRE cases, but
the final settling time is somewhere in between those of the SDRE
cases. Finally, we show control histories for all three cases in Fig. 5.
In the figure, uc is the constant torque control, whereas usl and
us?2 are, respectively, the controls for the H = H, and H = H,
cases. Significant features to be noticed from Fig. 5 are the smooth
decay of usl and the large initial value of us2, and its subsequent
highly oscillatory nature. The high-energy content of us2 is again
intuitively satisfying in that we expect large control effort to be
needed to actively regulate the penalized x, and x; states because
they are only indirectly affectable through .

VI. Summary and Conclusions

Nonlinear controllability of input-affine systems and controlla-
bility of state-dependent factorizations in terms of linear tests are
not generally equivalent. Global pointwise controllability of a state-
dependent factorization is sufficient to guarantee weak controlla-
bility on a neighborhoodof the origin, and global controllability of
both types holds when the input matrix function B(x) has rank equal
to the dimension of the state space n, for all x. We have given suf-
ficient conditions for controllability equivalency for second-order
systems with constant B matrices, which may be extended to nec-
essary conditions when B is not rank n. For higher-order systems,

conditionsguaranteeingequivalency become increasinglycomplex,
due to differences between the Lie brackets that characterize non-
linear controllability and the A/ B products in the factored control-
lability test.

Whereas factored controllability (plus observability) for all x is
sufficientto guarantee global well posednessof SDRE-based control
algorithms, it is, in general, not sufficient to guarantee true control-
lability outside some possibly small neighborhood of the origin, a
fact which has significant ramifications for global stability. In fact,
regardless of how well the SDRE algorithm operates, it can only
affect the part of the state that is nonlinearly controllable, leading
to a nonlinear stabilizability necessary condition for stability.

Successfultransversespin-upmaneuversof an axial gyrostatwere
performed using SDRE nonlinear regulation. Controllability anal-
ysis demonstrated nonlinear stabilizability in the region of interest.
Also, a dynamics factorization, chosen on the basis of its strong
pointwise controllability properties, guaranteed factored stabiliz-
ability where needed. The design problem showed that both types
of controllability are separately important to successful application
of the SDRE nonlinearregulation algorithm and demonstrated how
the desired properties may be established.
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